Abstract. We apply Zagier's result for the traces of singular moduli to construct Borcherds products in higher level cases.
Introduction
Let M ! 1/2 be the additive group consisting of nearly holomorphic modular forms of weight 1/2 for Γ 0 (4) whose Fourier coefficients are integers and satisfy the Kohnen's "plus space" condition (i.e. n-th coefficients vanish unless n ≡ 0 or 1 modulo 4). We also let B be the multiplicative group consisting of meromorphic modular forms for some characters of SL 2 (Z) of integral weight with leading coefficient 1 whose coefficients are integers and all of whose zeros and poles are either cusps or imaginary quadratic irrationals. Borcherds [3] gave an isomorphism between M ! 1/2 and B by means of infinite products which we call modular products or Borcherds products. theorem says that
Zagier [16] described the trace of a singular modulus of discriminant −d (= Zagier reproved ( * ) (see [16] §6). Moreover he generalized the trace formula to the group Γ 0 (N) * (=the group generated by Γ 0 (N) and all Atkin-Lehner involutions W e for e||N) for 2 ≤ N ≤ 6 (see [16] §8).
In this article we find an analogue of ( * ) in higher level cases N = 2, 3, 5, 6 by applying Zagier's Theorem 8 in [16] . Let M +···+ k−1/2 (N) ! be the vector space consisting of nearly holomorphic modular forms of half-integral weight k − 1/2 on Γ 0 (4N) whose n-th Fourier coefficient vanishes unless (−1) k−1 n is a square modulo 4N. There is a unique modular
! having a Fourier expansion of the form
An explicit construction of f d,N is given in the appendix and the uniquess of (see [16] §8). We can therefore define, for the Hauptmodul t(τ ) for Γ 0 (N) * , a modular function H d (t(τ )) by
In §3 we will prove the following theorem. with the condition that if
where s(u, N) is the number of distinct prime factors dividing (u, N). Then
We remark that this theorem is related to the problem of generalizing Borcherds' theorem An explicit infinite product is given in part 5 of Theorem 13.3 of [4] . But as he pointed out, it seems to take a bit of effort to unravel it to see what it says in the case of modular forms.
Also Bruinier [5] proved that every automorphic forms with zeros on Heegner divisors can be written as modular products in the case that the lattice considered splits two hyperbolic planes over Z.
Finally in §4 by using the idea given in [12] we derive a recursion formula which enables us to estimate all A * (u 2 , d) for u ≥ 1 from the Fourier coefficients of H d (t(τ )).
2. Preliminaries 2.1. Generalized Hecke operator. Let N be a positive integer and e be any Hall divisor of N (written e||N), that is, a positive divisor of N for which (e, N/e) = 1. We denote by W e,N a matrix ( ae b cN de ) with det W e,N = e and a, b, c, d ∈ Z, and call it an Atkin-Lehner involution. Let S be a subset of Hall divisors of N and let N + S be the subgroup of P SL 2 (R) generated by Γ 0 (N) and all Atkin-Lehner involutions W e,N for e ∈ S (we may choose S so that 1 ∈ S and if e 1 , e 2 ∈ S, then e 1 e 2 /(e 1 , e 2 ) 2 ∈ S unless e 1 = e 2 ). We assume that the genus of the group N + S is zero. Then there exists a unique modular function t with respect to N + S satisfying (i) t is holomorphic on the complex upper half plane H,
(ii) t has the Fourier expansion at ∞ of the form Here V = n∈Z V n is the infinite dimensional graded representation of M constructed by
Frenkel et al. [10, 11] . For a prime number p, let t (p) be the Hauptmodul for
where
is the set of all e in S which divide N (p) . Generally if m = p 1 p 2 · · · p r is a product of primes p i , then we define the m-th replicate t (m) of t by
For every positive integer n, let t n be a unique polynomial of t satisfying t n ≡ q
Define the m-th generalized Hecke operator T (m) [1, 8, 9, 13] by
The m-th replication formula [9, 13] says that t m = t| T (m) .
Jacobi forms.
A (holomorphic) Jacobi form on SL 2 (Z) is defined to be a holomorphic function φ : H × C → C satisfying the two transformation equations
and having a Fourier expansion of the form
Here k and N are positive integers, called the weight and index of φ, respectively. The coefficient c(n, r) depends only on 4Nn − r 2 and on r (mod 2N) ( [7] Theorem 2.2). In (1), if the condition 4Nn − r 2 ≥ 0 is deleted, we obtain a nearly holomorphic Jacobi form.
Let J ! k,N be the space of nearly holomorphic Jacobi forms of weight k and index N. Let J ! * , * be the ring of all nearly holomorphic Jacobi forms and J ! ev, * its even weight subring. Then J ! ev, * is the free polynomial algebra over M would be an element of J 2,N (=the space of holomorphic Jacobi forms of weight 2 and index N), which is of dimension zero by [7] , Theorem 9.1 (2) . For the existence, we need an additional condition on Fourier coefficients that B(D, 0) =
The structure theorem then allows us to express φ D,N as a linear combination of
By the correspondence between Jacobi forms and half-integral forms ( 
, then h is invariant under the action of ( 0 −1 1 0 ) and has the Fourier development of the form ϕ(4N) n∈Z e 2πin/N c 4n q n/N since c n vanishes whenever n ≡ 2 mod 4. This also shows the uniqueness of f d,N .
Through the article we adopt the following notations:
• T (m): generalized Hecke operator
• T m : Hecke operator acting on Jacobi forms or half-integral forms ( [7] §4 and §5)
For each positive integer m and prime p, we define
and
First we need two lemmas.
Lemma 3.1. Let p be a prime dividing N. For i ≥ 0 and m coprime to p,
Here V p is the Hecke operator on Jacobi forms defined by the formula (2) in [7] .
Proof. According to [7] Theorem 4.1, the operator V p maps J ! 2,N/p to J ! 2,N . From the formula (7) in [7] , p.43, we find that
From these observations and the uniqueness of φ D , the lemma immediately follows.
Lemma 3.2. Let l be a positive integer coprime to N and d = 4Nn − r 2 . Then
Proof. (i) Let p be a prime divisor of l. Then
by a similar argument given in the proof of [16] Theorem 5-(ii) = −[B(dp
Here 
Let n(l) be the number of prime factors of l. We will use induction on n(l). If n(l) = 1, it returns to the previous case. Now
(ii) As before let p be a prime dividing l and p s ||l. First we will show that
This implies g 1 | Tp = pg p 2 + g 1 and therefore φ 1 | Tp = pφ p 2 + φ 1 . Now let s ≥ 2. Then
Thus
As in the proof of (i), write l = l ′ p s with (l ′ , p) = 1 and use induction on the number n(l) of prime divisors of l. If n(l) = 1, the assertion is clear. If n(l) is greater than 1, then
νφ ν 2 by induction on s and applying the same argument as before.
We claim that for d = 4Nn − r 2 ,
Let p be a prime dividing N. By [13] Theorem 6.3 (2) (or [9] Proposition 2.6), the generalized Hecke operator T (p) satisfies the following composition rule: for k ≥ 0,
n and t n is defined to be 0 if n is not a rational integer. For l coprime to p, we obtain
Meanwhile [13] Theorem 3.1 Case I (or [9] Theorem 3.7 Case 1) provides the formula
Combining (3) with (4) we come up with t lp k+1 (τ ) = t (p)
lp k (τ )−t lp k (τ ) and therefore
The map which sends [a,
* also gives a bijection. Thus (5) is rewritten as
which yields
We divide N into two cases.
Case I. N = p = 2 or 3 or 5
In (2) we write m = lp k with (l, p) = 1. We use induction on k to prove the claim. If k = 0, the claim (2) follows from Lemma 3.2. Now assume the claim for k.
by [16] Theorem 5-(ii) and induction hypothesis
by [16] formula (19) and Theorem 5-(iii)
Case II. N = 6
In (2) we write m = l2 k 1 3 k 2 with (l, 6) = 1 and k 1 , k 2 ≥ 0. For simplicity, we put α(u) = 2 s(u,2) u and β(u) = 2 s(u,6) u. We will use induction on k 1 + k 2 . If k 1 + k 2 = 0, the claim is immediate from Lemma 3.2. Now assume k 1 + k 2 ≥ 1, say k 2 ≥ 1.
by the result in the case N = 2 and induction hypothesis
by Lemma 3.1
Let z ∈ H. Note that 1 m t m (z) can be viewed as the coefficient of q m -term in − log q − log(t(τ ) − t(z)) (see [14] ). Thus log q −1 − m>0 1 m t m (z)q m = log(t(τ ) − t(z)). Taking exponential on both sides, we get
Define
. By the claim (2), we obtain
From (7) and (8) it follows that 
Here the Hauptmodul t for Γ 0 (2) * can be described by means of Dedekind η-functions, i.e., 
